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EX 19.

Find an inverse of a modulo m for each of these pairs
of relatively prime integers using the method followed in
Example 2.

a) a =4, m = 9

b) a =19, m = 141
¢c) a = 55, m = 89
d) a =89, m = 232



{a) The inverse of a modulo 72 1s an integer b for which ab =1 (mod m)

a = 4
e = 9

First perform the Euclidean algorithm:

9
4

2-4+1
4 -1

The greatest commeon divisor is then the last nonzero remainder: ged{a, ) =

1.

Next we write the greatest common divisor as a multiple of a and -

god{a,m) = 1
=9 2-4
=1-9—-2-.4

The mverse 1s then the coeflicient of a, which 15 —2.

Since —2 mod 9 =7 mod 9, 7 is also the inverse of a modulo .



(b)) The inverse of a modulo e is an integer b for which ab = 1 {mod m)

o = 19
e = 141

First perform the Euclidean algorithim:

141 =7 - 19+ 5
19=2-85+ 3
B=2.3+ 2
3=1-2+1
2=2-1

The greatest common divisor is then the last nonzero remainder: god{a. 1) =

1.

MNext we write the greatest common divisor as a multiple of a and sre:

ged{a,me) = 1

3 —1-2

1-3—1-2
1-3—1-(8—-2-3)
3-3—-1-8
3-{(19—-—2.585)—1-8
3-19—7 -8
S-19—7- {141 — 7 - 19}
52 -19 — T7-141

The Inverse Is then the coefficient of . which Is thus 52,



(o) The inverse of a modulo & is an integer & for wwhich ab = 1 {(mod m )

a — 55
Fre — SO

First poerform the Eunclidean algorithmn:

S50 =1 - 55 + 34
55 = 1 - 34 + 21
G4 =1 -21 +— 13
21 =1 -13 + 8
13 =1-858+ 53
H=1-5+ 3
5 =1-3+ 2
F=1-2+1

2 =2.-.1

The greatest common divisor is then the last nonsero remainder: god{a, ) =
1.

INext we write the greatest common divisor as a multiple of a and rre:

e, e} — 1
= 3 — 1 - =2
= 1 -3 — 1 - =2
= 1 -3 — 1 - {5 — 1 - 3%
= 2 -3 — 1 -5
= 2. (5 — 1 -5y — 1 -5

2.8 3 -5
2.8 —3-(13 — 1 -8
5.8 — 3 - 13

5-4(21 — 1 -13) — 3 -13
— 5-21 — S-13
5 .21 — 8 -{(34 — 1 -21)

12 -21 — 8- 34
12 -(55 — 1 - 34) — 8 - 34
12 - 55 — 21 - 34
— 13 -55 — 21 - (89 — 1 -55)
— 34 - 55 — 21 - 80

T he Inmvers:as i= then the coefHociert of o) which is thoas S



EX 20.

Solve the congruence 4x = 5 (mod 9) using the inverse
of 4 modulo 9 found i1n part (a) of Exercise 5.

Solve each of these congruences using the modular in-
verses found in parts (b), (¢), and (d) of Exercise 5.

a) 19x =4 (mod 141)

b) 55x = 34 (mod 89)

c) 89x =2 (mod 232)



dr = H{mod 9)

We use Bezout's Theorem to express gcd(9,4) as a lineal combination of 9 and 4. Thus, we can
observe that the inverse of 4 is -2, but if we add 9 to -2, we obtain 7, so the inverse is, as well, 7.

0=(2+4)+1
&0

L= (041)— (24) = (01) +((~2) 1)

So we can multiply both sides by 7 to obtain that x is equivalent with 8 mod 9.

7+ dx =7+ 5(mod 9)
r = 33 (mod 9)
r = &(mod 9)



Note: See problem 5 for the calculation of the modular inverses.

a) Since an inverse of 19 modulo 141 15 52, Le., 1952 = 1{mod 141) and
here we want 19%r = 4{mod 141), we can let x = 4- 52 = 208, Since
208 = 67(mod 141), so = = 67 15 the smallest positive Integer that satisfies
the modulo congruence.

b} Since an inverse of 53 modulo 89 15 34, Le., 3534 = 1{mod 89} and
here we want 35r = 34{mod 89}, we can let = 3434 = 1156. Since
1156 = 88{mod 89}, so x = 88 the smallest positive integer that satisfies the
modulo congruence.

¢} Since an inverse of 89 modulo 232 1s 73, Le., 89-73 = 1{mod 232) and here
we want 8Jr = 2{mod 232), we can let x =2 -73 = 146. Since 146 < 232,

x = 14618 the smallest positive integer that satisfies the modulo congruence.



EX 22.

. Find the solutions of the congruence 15x” + 19x = 5
(mod 11). [Hint: Show the congruence is equivalent to
the congruence 15x2 4+ 19x 4+ 6 = 0 (mod 11). Factor the
left-hand side of the congruence; show that a solution of
the quadratic congruence is a solution of one of the two
different linear congruences.]

~



1522+ 192 = 5(mod11)
1522+ 192+ 6 = 0(mod11)

We factorise the equation and we proceed to solve each part.

(3x+ 2){5x+ 3) = 0({modll)

S0 we have two options:

We know that the inverse of 2 mod11 is 9 because 9 + 2 is 11 and 11/11 has a remainder of cero.

We add this inverse on both sides. Then we calcultate the inverse of 3 mod 11

Working on option one:
dr+2 =0(modl1)
dr+ 2+ 9=9modll)
3r = Ymod(11)

We use Bezout's Theorem and the algorithm for division and find out that the inverse is 4.

We multiply each side by 4.



11=(3+3)+2 We use Bezout's Theorem and the algorithm for division and find out that the inverse is -2; that is

I=(1+2)+1 also 9.

ITIEE— 5 We multiply each side by 4.

1=3—(11-3+3) 11=(2+5)+1

I={3+4)-11 Then...

- 1=11-2%5

443z = 4 +9(mod11) I=11+(-2) %53

r = 36(modll)

r = 3{modll) S0...

We work similarly but now we have to find out the inverse of 5 mod11 g * EI'I = g * S{mﬂdll}
r = T2{modll)

Working on option two:
52+ 3 = 0(modl1) x = b(modl1)

o ‘|_‘3 + & = 8(modll) We now have the system solved.
Sr = 8mod(11) {3.6}



Show that 2°*Y = 1 (mod 11) by Fermat’s little theo-
rem and noting that 2340 — (210434

Show that 2240 =1 (mod 31) using the fact that
2340 — (25)68 — 3268.

Conclude from parts (a) and (b) that 2340 =
1 (mod 341).



By Fermat's Little Theorem, 2! = 1 (mad 11).

raising it to the power 34, we obtain (213 =
1 (mod 11)

a) 240 = (2103 = 134 =1 (mad 11)

Since 32 = 1 (mod 31), thus, 3258 = (2568
1 {(mod 31)

b) 2340 = (25)68 = 3268 = 168 = | (1mod 31)

1+

50,

168



11 (2¥9-1) = (2999 -1) = 11p where ged(11,p) =

1...(z)
31 (2M 1) = (20 -1) = 31q where ged(31,q) =
... ()

S0, from (1) and (11}

11p = 31q = 31 | 11p. Since, ged(31,11) =1 =
3l p=p=3lg...(wui).

Using (iii) in (i), (29— 1)=1p = 11+31q1 = 341qy

s34 (2 -1

c) 230 = 1 (mod 11) = 11 (2340 — 1)
2340 = 1 (mod 31) = 31 | (2310 - 1)
341 (230 _ 1)

Hence, 27 = 1 (mod 341)



